Dynamic characteristics of an electromagnetically driven trigger regulator 315

4, Komraz,L,A,, A dynamic model of an electromagnetically driven mrigger
regulator, Inzh, Zh, Mekh, Tverd, Tela, N4, 1967,

5, Neimark, Iu,I,, The method of point transformations in the theory of nonlinear
oscillations, 1zv, VUZ, Radiofizika Vol.1, N2, 1958,

6. Komraz, L, A,, Bifurcations of the fixed points of a point transformation under
which the root of the characteristic polynomial passes through the value A = —1.

PMM Vi '32$ Ngst 1 *
MM Vol 968 Translated by A, Y,

PERTURBATION OF NATURAL SMALL VIBRATION
FREQUENCIES UPON INTRODUCTION OF DAMPING

PMM Vol. 33, N2, 1969, pp, 328-330

A,G,RAMM
{Leningrad)
(Received April 1, 1968)

It is known that the complex natural frequencies p,— iw, of a vibrating system take
the form pp,'= —u, -+ #,’, 0, >0 upon the introduction of damping, It can be shown
that under some condition the imaginary part of the complex frequency hance varies thus,
oy Say for ox>0, oy >0y for oy<<0
- 1
oyl =max, |o, | )
The- proof of the inequalities (1) follows from this lemma,
Lemma, Let 4 > 0, 8> 0, R > 0. be self-adjoint # X n matrices, where the

condition (Rz, 2 < 4 (Az, 2) (Bz, )
(weak damping) is satisfied, Let p,= iw, be the roots of the equation
det (p%4 ¢ B) =0 @
and py’ the roots of the equation
P4+ pRIBY)=0 %
Let |py|=max, |p,]. Then py’=—ayn’ + o, where oy’ >0,2nd the inequali-

ties (1) are satisfied, Here pn’ denotes the root of (3) for which o | = maxy |© Nl
Proof, Letzy' be the eigenvector corresponding to the eigennumber p,' , that is

(N A+ py'R-F Byay =0 (%)
Then , i
Py (Ary 2y ) b oy (Bxy, 2y) + (Bzy, 231 =0
Hence ., —(Rzy, o) £ 1Y i(Bzy, =y) (Azy, oy ) — (Rzy, og P .
ry = T(Azy, 25) ©)

Since R > 0,4 > 0, then oy’ > 0. Furthermore
, {Bzy', zx") (Rzy', ey P\
Oy =(‘(A3N", o' N} | A{dxy, :cN’)ﬁ)
From the minimax principle it follows that

(Bz, x) (Bzy', zy)
ON’ =S (g 2y 2 Tday, 7y (OF TR O M

®
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Inequalities (1) follow from (8) and (7). From the equation of motion
Au" + Ru' 4 Bu=0 ®

p* Az 4 pRz 4 Bz =0 ©
by means of substitution u == ¢P'z, where z is independent of ¢.

The natural frequencies of this equation are found from the relationship (3), hence the
inequalities (1) result from the lemma,

Note 1, Asisseen from the proof of the lemma, the condition R > ¢ is utilized
just to prove the inequality a,’ > 0. The inequalities {1) wil! hold for any R satisfying
the weak damping condition, which conserves the vibrational nature of the process since
only the square of the form (Rzy’, zn') enters into (6).

Inequalities analogous to (1) are valid for continuous systems as well, For example,
let us consider the equation of the vibrations of a finite elastic string, In this case the
equation of motion is uy -+ Ruy + Bu =0 (10)

we obtain the equation

where B is a positive definite operator in the Hilbert space H = Ls (0, 1), and R is a
linear operator describing friction,

For example, if a string fixed at the endpoints vibrates in a viscous medium, then R
is the operator of multiplication by a positive constant, B = —c*(d*(...)/dz®) and is
defined as an operator in & by the boundary conditions u (0) = u (I) == 0.

Time is considered as a parameter, The operator & has the natural frequency spectrum

0o Lol <., . o2, .., lime2=oc
n—CC

The operator B~* has the values v2 = ¢ at points of the spectrum, so that max, vpi=
= @* The operator B~} will be completely continuous in H, hence if R is a2 bounded
operator, the operator B~1R is also completely continuous, If we put u = €*'v, where
v C H is independent of Z, then we obtain from(10)

(p?I 4+ pR 4+ Bv=0. 11
Since the operator B™1exists, and is bounded, then (11) is equivalent to the following
p* B+ pB'Rv+ v= 0 12)

Since the operators B! and B™! R are completely continuous, the spectrum of (12) is
discrete { [1], p. 30). For R = 0 the points of the spectrum of (12) are p,= iwpn; where
©,? are the eigennumbers of the operator B.

In order for the reasoning below to be analogous to that presented in the examination
of the finite case, let us call the quantity ¢ = 1/p the complex natural frequency of Eq,

(12). Then the frequency g, = (iw;)"* = —iv; is the largest complex frequency, in
absolute value, of (12) for R = 0, Let us show that the inequality

v, <v; (13}
holds for R == 0 for the perturbed frequency ¢’y = —a; — vy’ , and moreover, @, > 0
for R>0.

Reasoning as in the proof of the lemma, we deduce from (11)

¢* (Bv, v) + q(Rv, v) + (v, ¥} =0
Here (v, u) is the scalar product in H, Hence

. {Rv,v) _ ./ (v, 9) ___’.l__ Ry, v) 2‘}:5__ im 14
=TS Ee, ey \(Bo, vy & }(_Bv,v) ) a— 9
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Since
V12 == max, __(_v_v)_
then v <w. (Bv, v)

If R > 0,then taking into account that (Bv, v) > 0, we obtain the inequality a; > 0
from the definition of a; . The proposed assertion is proved completely, Let us note that
the sign in front of the root in (14) has been selected so that the equality ¢’ = ¢, =iv;
would hold for R=0 .

Note 2, The following theorem is proved by the reasoning presented,

Theorem, Let # be a positive definite operator in the Hilbert space H, which has
a completely continuous inverse operator B7l. Let R be a linear operator, where B71R
is a completely continuous operator, Let v;2 > v22 > ... > 0 be the eigennumbers of
the operator B™. Then the imaginary part of any eigennumber of the operator ¢*B +
-+ gR - 1 is not greater than v,, but if the operator R is nonnegative, then the real
parts of the eigennumbers of the operator ¢2B + ¢qR -}~ I are nonpositive,
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There are several approximate methods [1—4] available for solving practical problems
having to do with oscillatory systems whose parameters vary with time, The procedure
for analyzing such systems proposed in the present paper is based on the analogy between
parametric and forced oscillations in a certain nominal oscillator with parameters chosen
in a certain special way, Our approach, which closely resembles the idea behind the
WKB (Wentzel-Kramers-Brillouin) method [3— 5], provides increased opportunities for
constructing effective approximate solutions of problems of the indicated class,

1, We begin by considering the following linear second-order differential equation
to which many problems of applied dynamics can be reduced [1 and 5]:

g+ 2n(t)g + k* ()g= F () (1.1)
The Euler substitution reduces Eq. (1, 1) to the form
v+ @0y=0@0), @E=1k—n'—n) (1.2)

t !
y=gq expi_Sn(t)dt], Q = Fexp [\n(t)dt]
L -
The solution of the homogeneous equation corresponding to Eq, (1, 2) is obtainable in



